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Abstract We show that the Mahler measures of the Jones polynomial
and of the colored Jones polynomials converge under twisting for any link.
Moreover, almost all of the roots of these polynomials approach the unit
circle under twisting. In terms of Mahler measure convergence, the Jones
polynomial behaves like hyperbolic volume under Dehn surgery. For pretzel
links P(a1, . . . , an), we show that the Mahler measure of the Jones polyno-
mial converges if all ai → ∞ , and approaches infinity for ai = constant if
n → ∞ , just as hyperbolic volume. We also show that after sufficiently
many twists, the coefficient vector of the Jones polynomial and of any
colored Jones polynomial decomposes into fixed blocks according to the
number of strands twisted.
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1 Introduction
It is not known whether any natural measure of complexity of Jones-type poly-
nomial invariants of a knot is related to the volume of the knot complement,
a measure of the knot’s geometric complexity. The Mahler measure, which is
the geometric mean on the unit circle, is in a sense the canonical measure of
complexity on the space of polynomials [22]: For any monic polynomial f of
degree n, let fk denote the polynomial whose roots are k -th powers of the roots
of f , then for any norm || · || on the vector space of degree n polynomials,
lim
k→∞
||fk||1/k =M(f)
In this work, we show that the Mahler measure of the Jones polynomial and
of the colored Jones polynomials behaves like hyperbolic volume under Dehn
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surgery. Suppose Lm is obtained from the hyperbolic link L by adding m full
twists on n strands of L. In other words, there is an unknot U encircling n
strands of L, such that Lm is obtained from L by a −1/m surgery on U . By
Thurston’s hyperbolic Dehn surgery theorem,
lim
m→∞
Vol(S3 \ Lm) = Vol(S3 \ (L ∪ U))
We show that as m → ∞, the Mahler measure of the Jones polynomial of
Lm converges to the Mahler measure of a 2-variable polynomial (Theorem
2.2). We also show that for any N , the Mahler measure of the colored Jones
polynomials JN (Lm; t) converges as m → ∞ (Theorem 2.4). Moreover, as
m → ∞, almost all of the roots of these polynomials approach the unit circle
(Theorem 2.5). This result explains experimental observations by many authors
who have studied the distribution of roots of Jones polynomials for various
families of knots and links (eg, [4, 8, 16, 25]). All of our results extend to
multiple twisting: adding mi twists on ni strands of L, for i = 1, . . . , k (eg,
Corollary 2.3).
For pretzel links P(a1, . . . , an), we show that the Mahler measure of the Jones
polynomial, M(VP(a1,...,an)(t)), converges in one parameter and approaches in-
finity in the other, just like hyperbolic volume:
• For odd a1 = . . . = an, M(VP(a1,...,an)(t)) → ∞ as n → ∞ (Theorem
4.1). Volume →∞ by a result of Lackenby [13].
• If all ai → ∞, M(VP(a1,...,an)(t)) converges if n is fixed (Corollary 2.3).
Volume also converges by Thurston’s Dehn surgery theorem.
In addition, we show that after sufficiently many twists on n strands, the coef-
ficient vector of the Jones polynomial decomposes into ([n/2] + 1) fixed blocks
separated by zeros if n is odd, and by alternating constants if n is even (Theo-
rem 3.1). For example, these are the coefficient vectors of the Jones polynomial
of a knot after twisting the same 5 strands (see Table 1):
5 full twists:
1 -1 2 -1 2 -1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 2 -8 16 -23 20 -12 0 7 -7 4 -1 0 0 0
1 -5 15 -29 40 -42 33 -19 8 -2
20 full twists:
1 -1 2 -1 2 -1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 2 -8 16 -23 20 -12 0 7 -7 4 -1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 -5 15 -29 40 -42 33 -19 8 -2
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These fixed blocks completely determine the Jones polynomial under twisting,
simply moving apart linearly in the number of twists. Moreover, this result
extends to the colored Jones polynomial: If we fix both N and the number of
strands twisted, then for m sufficiently large, the coefficient vector of JN (Lm; t)
decomposes into fixed blocks separated by zeros, which move apart linearly with
more twists (Corollary 3.2).
This work is motivated by a deep open problem: how to bridge the chasm be-
tween quantum and geometric topology. Thurston established the importance
of geometric invariants, especially hyperbolic volume, in low-dimensional topol-
ogy. Yet the vast families of quantum invariants, which followed the discovery
20 years ago of the Jones polynomial, are not understood in terms of geometry.
The “volume conjecture” and its variants propose that colored Jones polyno-
mials, which are weighted sums of Jones polynomials of cablings, determine the
volume of hyperbolic knots (see [7, 17]). The original Jones polynomial of a
knot is still not understood in terms of the knot complement. A direct link
between the Jones polynomial and the volume of the knot complement would
relate the most important quantum and geometric invariants. With that goal
in mind, we compare the volume, a measure of geometric complexity of the
knot complement, with the Mahler measure of the Jones polynomial, a natural
measure of complexity on the space of polynomials.
Experimental evidence on hyperbolic knots with a simple hyperbolic structure
is suggestive. In [3], we computed Jones polynomials for hyperbolic knots whose
complements can be triangulated with seven or fewer ideal tetrahedra. A glance
at these polynomials reveals how different they are from Jones polynomials in
knot tables organized by crossing number. The span of the Jones polynomial
gives a lower bound for the crossing number, with equality for alternating knots.
The spans of these polynomials vary from 4 to 43, but the polynomials with
large span are very sparse, and their nonzero coefficients are very small. Mahler
measure is a natural measure on the space of polynomials for which these kinds
of polynomials are simplest.
The Mahler measure of other knot polynomials has been related to the volume
of the knot complement. Boyd and Rodriguez-Villegas found examples of knot
complements (and other 1-cusped hyperbolic manifolds) such that Vol(M) =
πm(A), where A(x, y) is the A-polynomial [1, 2]. Silver and Williams [21]
showed the Mahler measure of the Alexander polynomial converges under twist-
ing just like the volume converges under the corresponding Dehn surgery: If U
has nonzero linking number with some component of L, and Lm is obtained
from L by a −1/m surgery on U , then the Mahler measure of the multivariable
Alexander polynomial of Lm converges to that of L ∪ U . In contrast, for the
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Jones polynomial, the limit in Theorem 2.2 is not the Mahler measure of the
Jones polynomial of L ∪ U , according to all our examples.
This paper is organized as follows. In Section 2, we show that the Mahler
measure of Jones polynomials and colored Jones polynomials converges under
twisting and multi-twisting, using the representation theory of braid groups
and linear skein theory. As a consequence, we show that almost all of the
roots of these polynomials approach the unit circle. In Section 3, we show that
the coefficient vector of these polynomials decomposes after sufficiently many
twists. In Section 4, we show that for a family of pretzel links, the Mahler
measure of the Jones polynomial both converges and diverges like volume. We
conclude with some observations using the Knotscape census of knots up to 16
crossings.
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2 Mahler measure convergence
Definition 1 Let f ∈ C[z±11 , . . . , z±1s ]. The Mahler measure of f is defined
as follows, where exp(−∞) = 0,
M(f) = exp
∫ 1
0
· · ·
∫ 1
0
log
∣∣∣f(e2πiθ1 , . . . , e2πiθs)∣∣∣ dθ1 · · · dθs
The logarithmic Mahler measure is m(f) = logM(f).
The Mahler measure is multiplicative, M(f1f2) = M(f1)M(f2), and the loga-
rithmic Mahler measure is additive. If s = 1, f(z) = a0z
k
∏n
i=1(z − αi), then
by Jensen’s formula,
M(f) = |a0|
n∏
i=1
max(1, |αi|) (1)
For vectors a,x ∈ Zs , let h(x) = max |xi| and
ν(a) = min{h(x) | x ∈ Zs, a · x = 0}
For example, ν(1, d, . . . , ds−1) = d.
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Lemma 2.1 (Boyd, Lawton [15]) For every f ∈ C[z±11 , . . . , z±1s ],
M(f) = lim
ν(x)→∞
M (f(zx1 , . . . , zxs))
with the following useful special case: M(f) = lim
d→∞
M
(
f(z, zd, . . . , zd
s−1
)
)
.
For a good survey on the Mahler measure of polynomials, see [19]. Finally,
because the Mahler measure is multiplicative, Definition 1 can be naturally
extended to rational functions of Laurent polynomials.
The Temperley-Lieb algebra TLn is closely related to the Jones polynomial.
TLn is the algebra over Z[A
±1] with generators {1, e1, e2, . . . , en−1} and rela-
tions, with δ = −A2 −A−2 ,
e2i = δei, eiei±1ei = ei, eiej = ejei if |i− j| ≥ 2 (2)
Kauffman gave a diagramatic interpretation of the Jones representation of the
braid group, ρ : Bn → TLn by ρ(σi) = A1 + A−1ei , with the Markov trace
interpreted as the bracket polynomial of the closed braid [10]:
tr(ρ(β)) = 〈β¯〉
Generalizing from braids to tangles using the Kauffman bracket skein relations,
TLn is precisely the skein algebra of D
2 with 2n marked points on the bound-
ary, with coefficients in Z[A±1]. The basis as a free Z[A±1]-module consists
of all diagrams with no crossings and no closed curves. Its dimension is the
Catalan number Cn =
1
n+1
(2n
n
)
. If the disc is considered as a square with n
marked points on the left edge and n on the right, the product in the algebra
is given by juxtaposing two squares to match marked points on the left edge of
one square with the marked points on the right edge of the other square.
Moreover, since the skein algebras of R2 and S2 are naturally isomorphic, a
bilinear pairing is induced from the decomposition of S2 into complementary
discs D′ ∪ D′′ . For any link diagram L in S2 , decompose L = L′ ∪ L′′ such
that L′ = L ∩ D′, L′′ = L ∩D′′ and L intersects the boundary of the disc in
2n points away from the crossings. The bilinear pairing
〈 , 〉 : TLn × TLn → Z[A±1]
is given by 〈L′, L′′〉 = 〈L〉. For a detailed introduction, see [18].
At this point, it is useful to return to Jones’ orignial construction, in which
TLn is viewed as a quotient of the Hecke algebra. In [9], Jones showed that
irreducible representations of Bn are indexed by Young diagrams, and the ones
with at most two columns are the TLn representations. By abuse of notation,
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let TLn also denote the algebra with coefficients in Q(A), and generators and
relations as in (2). The Q(A)-basis is the same Z[A±1]-basis described above,
so the bilinear pairing extends linearly to Q(A) such that for any tangles,
〈L′, L′′〉 ∈ Z[A±1]. With the ground ring Z[A±1] extended to Q(A), TLn is
semisimple, which implies that every irreducible submodule is generated by
a minimal idempotent, and these idempotents can be chosen to be mutually
orthogonal. More explicitly, Wenzl constructed orthogonal representations of
Hecke algebras and gave an inductive formula for minimal idempotents such
that pY pY ′ = 0 if the Young diagrams Y 6= Y ′ , and
∑
pY = 1 (Corollary 2.3
[24]).
Let L be any link diagram. We deform L to a link Lm by performing a −1/m
surgery on an unknot U which encircles n strands of L. This is the same as
adding m full right twists on n strands of L. It is useful to restate this in
terms of the decomposition above, where L ⊂ S2 = D′ ∪ D′′ . The full right
twist on n strands in Bn is denoted by ∆
2 = (σ1 . . . σn−1)
n . Let L = 1n ∪ L′′
be any link diagram such that 1n is just the trivial braid on n strands, and
1n = L ∩D′, L′′ = L ∩D′′ . Let Lm be the link obtained from L by changing
1n to be m full twists ∆
2m , and leaving L′′ unchanged.
Theorem 2.2 The Mahler measure of the Jones polynomial of Lm converges
as m→∞ to the Mahler measure of a 2-variable polynomial.
Proof Let Yi be a Young diagram with at most two columns of type (n− i, i),
with 0 ≤ i ≤ [n/2]. Let pi denote the corresponding orthogonal minimal central
idempotent in TLn , considered as an algebra over Q(A). For example, p0 is
the Jones-Wenzl idempotent.
Since the full twist ∆2 is in the center of Bn , its image in any irreducible
representation is a scalar. The coefficient is a monomial that depends on the
Young diagram, which can be computed using Lemma 9.3 [9] with t = A−4 .
Namely, the monomial tki for Yi as above has ki = i(n− i+1). Therefore, the
full twist can be represented in TLn as
ρ(∆2) =
[n/2]∑
i=0
tkipi
Since pi are orthogonal idempotents,
ρ(∆2m) =
[n/2]∑
i=0
tkipi
m = [n/2]∑
i=0
tmkipi
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If we express these idempotents in the TLn basis {hj}, with uij ∈ Q(A), we
can evaluate the bilinear pairing to derive the expression for 〈Lm〉:
pi =
Cn∑
j=1
uijhj
〈Lm〉 = 〈∆2m, L′′〉 =
[n/2]∑
i=0
tmki〈pi, L′′〉 =
[n/2]∑
i=0
tmki
Cn∑
j=1
uij〈hj , L′′〉 (3)
We define the rational function P (t, x), which depends only on L and n:
P (t, x) =
[n/2]∑
i=0
xki〈pi, L′′〉 (4)
Therefore,
P (t, tm) = 〈Lm〉 and P (t, 1) = 〈L〉.
The Jones polynomial equals the bracket up to a monomial depending on writhe,
which does not affect the Mahler measure, so we obtain
M(VLm(t)) =M(〈Lm〉) =M (P (t, tm))
We can now apply the special case of Lemma 2.1:
lim
m→∞
M(VLm(t)) = limm→∞
M(P (t, tm)) =M(P (t, x))
By the proof of Theorem 3.1, tr(pi) ∈ 1δZ[δ], so (1+ t)P (t, x) ∈ Z[t±1, x], which
has the same Mahler measure as P (t, x).
P (t, x) determines VLm(t) for all m, and it is an interesting open question how
it is related to the Jones polynomial of the link L ∪ U .
In [26], Yokota used representation theory of the braid group to provide twisting
formulas for the Jones polynomial. Theorem 2.2 follows from his Main Theorem
by using Lemma 2.1 as in the proof above. By introducing skein theory, though,
we have simplified the argument, and extended it to colored Jones polynomials
(see Theorem 2.4). Equation (3) also determines a decomposition of the Jones
polynomial into blocks after sufficiently many twists (see Theorem 3.1).
The proof of Theorem 2.2 can be extended to produce a multivariable polyno-
mial to which the Jones polynomial converges in Mahler measure under multi-
ple twisting. Given any link diagram L, construct Lm1,...,ms by surgeries: for
i = 1, . . . , s, perform a −1/mi surgery on an unknot Ui which encircles ni
strands of L.
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Corollary 2.3 Let m = (1,m1, . . . ,ms). Let Lm be the multi-twisted link
Lm1,...,ms . The Mahler measure of the Jones polynomial of Lm converges as
ν(m)→∞ to the Mahler measure of an (s+ 1)-variable polynomial.
Proof We can suppose that the Ui are far apart so these surgeries on L are
independent in the sense of the decomposition above. In other words, if L is
originally given by
⋃
i 1ni ∪ L′′ , then the ith surgery replaces 1ni by ∆2mi .
Inductively, if Lm0 = L
′′ , then for k = 1, . . . , s, we evaluate the bilinear pairing
on TLnk :
〈Lm1,...,mk〉 = 〈∆2mk , L′′m1,...,mk−1〉
Iterating the proof of Theorem 2.2, P (t, x1, . . . , xs) is constructed such that
P (t, tm1 , . . . , tms) = 〈Lm1,...,ms〉
We now directly apply Lemma 2.1,
lim
ν(m)→∞
M(VLm(t)) =M (P (t, x1, . . . , xs))
We now extend our results to the colored Jones polynomials. Let JN (L; t) be
the colored Jones polynomial of L, colored by the N -dimensional irreducible
representation of sl2(C), with the normalization J2(L; t) = (t
1/2 + t−1/2)VL(t).
The colored Jones polynomials are weighted sums of Jones polynomials of ca-
blings, and the following formula is given in [12]. Let L(r) be the 0-framed
r-cable of L; i.e., if L is 0-framed, then L(r) is the link obtained by replacing
L with r parallel copies.
JN+1(L; t) =
[N/2]∑
j=0
(−1)j
(
N − j
j
)
J2(L
(N−2j); t) (5)
Theorem 2.4 For fixed N, and Lm as above, the Mahler measure of JN (Lm; t)
converges as m→∞, and similarly for multi-twisted links as ν(m)→∞.
Proof Let ∆2 be the full twist (σ1 . . . σk−1)
k in Bk . The 0-framed r-cable
of ∆2 is the braid (σ1 . . . σrk−1)
rk , which is the full twist in Brk . Therefore,
the operations twisting by full twists and 0-framed cabling commute: If τmU (L)
denotes m full twists on the strands of L encircled by an unknot U , then
τmU (L
(r)) = (τmU (L))
(r) . This is just a version of the “belt trick” (see, eg, I.2.3
[18]). So without ambiguity, let L
(r)
m denote τmU (L
(r)).
Algebraic & Geometric Topology, Volume 5 (2005)
On the Mahler measure of Jones polynomials under twisting 9
Fix r such that 1 ≤ r ≤ N . Following the proof of Theorem 2.2, we define
Pr(t, x) for the link L
(r) such that Pr(t, t
m) = V
L
(r)
m
(t).
lim
m→∞
M(V
L
(r)
m
(t)) = lim
m→∞
M(Pr(t, t
m)) =M(Pr(t, x))
We now apply (5) to find P˜N (t, t
m) for the N th colored Jones polynomial of
Lm :
JN+1(Lm; t) =
[N/2]∑
j=0
(−1)j
(
N − j
j
)
(t
1
2 + t−
1
2 )V
L
(N−2j)
m
(t)
=
[N/2]∑
j=0
(−1)j
(
N − j
j
)
(t
1
2 + t−
1
2 )PN−2j(t, t
m)
= (t
1
2 + t−
1
2 ) P˜N+1(t, t
m)
Therefore, limm→∞M (JN (Lm; t)) = limm→∞M
(
P˜N (t, t
m)
)
=M
(
P˜N (t, x)
)
.
The proof for multi-twisted links follows just as for Corollary 2.3.
Many authors have considered the distribution of roots of Jones polynomials
for various families of twisted knots and links (eg, [4, 8, 16, 25]). The results
above can be used to prove their experimental observation that the number of
distinct roots approaches infinity, but for any ǫ > 0, all but at most Nǫ roots
are within ǫ of the unit circle:
Theorem 2.5 Let Lm be as in Theorem 2.2, or Lm as in Corollary 2.3.
Consider the family of polynomials, VLm(t) or JN (Lm; t) for any fixed N , that
vary as m → ∞. Let {γmi } be the set of distinct roots of any polynomial in
this family. For any ǫ > 0, there is a number Nǫ such that
#{γmi :
∣∣|γmi | − 1∣∣ ≥ ǫ} < Nǫ and lim infm#{γmi } → ∞ as m→∞,
and similarly for Lm as ν(m)→∞.
Proof We will prove the claim for VLm(t), and the other cases follow similarly.
By (4), P (t, tm) = 〈Lm〉. So the L1 -norm of coefficients of (1+ t)VLm(t) equals
that of the polynomial (1 + t)P (t, x), which is constant as m→∞. This also
follows from Theorem 3.1. By Lemma 1 on p.187 of [20], any polynomial with
a root γ 6= 0 of multiplicity n has at least n + 1 non-zero coefficients. Thus,
for any integer polynomial f with f(0) 6= 0, if the L1 -norm of its coefficients
is bounded by M , and the number of its distinct roots is bounded by k , then
deg(f) ≤ k(M−1). By (3), the degree of VLm(t) approaches infinity as m→∞.
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It follows that for any infinite sequence of polynomials in {VLm(t), m ≥ 0},
there is a subsequence for which the number of distinct roots approaches infinity.
Let {αmi }, for 1 ≤ i ≤ a(m), be the roots counted with multiplicity of VLm(t)
outside the closed unit disc, |αmi | > 1. Let {βmj }, for 1 ≤ j ≤ b(m), be the
roots counted with multiplicity inside the open unit disc, |βmj | < 1. Let
Aǫ(m) = #{αmi : |αmi | − 1 ≥ ǫ} and Bǫ(m) = #{βmj : 1− |βmj | ≥ ǫ}
By Theorem 2.2 and Jensen’s formula (1), lim
m→∞
∏a(m)
i=1 |αmi | exists. Taking the
mirror image L∗m , VL∗m(t) = VLm(t
−1), or alternatively by the proof of Theorem
2.2,
lim
m→∞
M(VLm(t
−1)) =M(P (t−1, t−m)) =M(P (t−1, x−1))
so again by Jensen’s formula (1), we have that lim
m→∞
∏b(m)
j=1 |βmj |−1 exists.
a(m)∏
i=1
|αmi | ≥ (1 + ǫ)Aǫ(m) and
b(m)∏
j=1
|βmj |−1 ≥
(
1
1− ǫ
)Bǫ(m)
Thus, there exist bounds Aǫ(m) < Aǫ and Bǫ(m) < Bǫ . Let Nǫ = Aǫ+Bǫ .
Example 1 Let T (m,n) be a torus knot, which is the closure of the braid
(σ1 . . . σn−1)
m , with m and n relatively prime. By 11.9 [9],
VT (m,n)(t) =
t(n−1)(m−1)/2
(1− t2) (1− t
m+1 − tn+1 + tn+m)
Since the first factor has Mahler measure 1, by Lemma 2.1,
lim
m→∞
M(VT (m,n)(t)) =M(1− x t− tn+1 + x tn)
Similarly,
lim
m,n→∞
M(VT (m,n)(t)) =M(1− x t− y t+ x y)
Since M(VT (m,n)(t)) converges, by the proof of Theorem 2.5, the roots of
VT (m,n)(t) approach the unit circle as m + n → ∞. This has been observed
before (eg, [25]).
Example 2 Let Kn be the twist knot shown in Figure 1. Using Proposition
3.3 below, the Jones polynomials up to multiplication by powers of t and ±1
are
VK2m(t)
.
=
1− t3 + t2m+1 + t2m+3
1 + t
, VK2m+1(t)
.
=
1− t3 − t2m+2 − t2m+4
1 + t
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Figure 1: The twist knot Kn
Since the denominator has Mahler meausre 1, by Lemma 2.1,
lim
m→∞
M(VK2m(t)) =M(1 − t3 + xt+ xt3)
lim
m→∞
M(VK2m+1(t)) =M(1− t3 − xt2 − xt4)
Thus, as above, the roots of VKn(t) approach the unit circle as n→∞.
3 Twisting formulas
Equation (3) in the proof of Theorem 2.2 actually provides an explicit struc-
ture for Jones polynomials after sufficiently many twists. We observed this
experimentally using a program written by Nathan Broaddus and Ilya Kofman.
This result extends to colored Jones polynomials. If V (t) = tk
∑s
i=0 ait
i , then
(a0, . . . , as) is the coefficient vector of V (t).
Theorem 3.1 Suppose we twist n strands of L such that the Jones polynomial
changes. For m sufficiently large, the coefficient vector of VLm(t) has ([n/2]+1)
fixed possibly nontrivial blocks, one for each minimal central idempotent in
TLn , separated by blocks of zeros if n is odd, or blocks of alternating constants,
α,−α,α,−α, . . . , if n is even, which increase by constant length as m increases.
Proof We rewrite (3) by expressing L′′ in the TLn basis, with vij ∈ Z[A±1],
〈Lm〉 =
[n/2]∑
i=0
tmki〈pi, L′′〉 =
[n/2]∑
i=0
tmki
Cn∑
j=1
vij〈pi, hj〉 (6)
Using the Markov trace, 〈pi, hj〉 = tr(pihj).
Algebraic & Geometric Topology, Volume 5 (2005)
12 Abhijit Champanerkar and Ilya Kofman
The traces of minimal idempotents in TLn have been explicitly computed; for
example, see Section 2.8 of [6]. However, to apply these trace formulas, we must
renormalize according to our definition (2), and for tr(ρ(β)) = 〈β¯〉, with the
usual convention that for the unknot 〈©〉 = 1. Therefore, tr(1n) = δn−1 . If e′i
are the generators of TLn as in [9] and [6], then e
′
i = ei/δ , and
e′ie
′
i±1e
′
i = τe
′
i where τ = δ
−2
Let Pk(x) be the polynomials defined by P0 = P1 = 1 and for k ≥ 1,
Pk+1(x) = Pk(x)− xPk−1(x)
According to Theorem 2.8.5 [6], with the renormalization, if n is even, then
tr(pn/2) = tr(1n)τ
n/2 , and in other cases, for i = 0, 1, . . . , [n/2],
tr(pi) = tr(1n) τ
iPn−2i(τ)
Observe that P2k and P2k+1 have the same degree, but tr(12k) and tr(12k+1)
will differ by a power of δ . Therefore for all i, if n is odd, tr(pi) ∈ Z[δ],
and if n is even, tr(pi) ∈ 1δZ[δ]. For example, the renormalized traces of the
Jones-Wenzl idempotents fn in TLn are given by this formula as p0 in TLn :
tr(f2) = δ (1− 1/δ2) = (δ2 − 1)/δ
tr(f3) = δ
2 (1− 2/δ2) = (δ2 − 2)
tr(f4) = δ
3 (1− 3/δ2 + 1/δ4) = (δ4 − 3δ2 + 1)/δ
To compute tr(pihj), we recall another method of computing the Markov trace
given in Section 5 of [9], using weights associated to each Young diagram.
Since hj are basis elements of TLn , it follows that tr(pihj) = η tr(pi), where
η ∈ Z[δ]. In other words, multiplication by hj changes the weights according
to the change of basis. This is also the idea of Section 13 of [9], where the
plat closure of a braid is considered; here, we consider all possible closures.
Consequently, tr(pihj) ∈ Z[δ] whenever tr(pi) ∈ Z[δ]. For odd n, the result
now follows from (6).
For even n, tr(pihj) ∈ 1δZ[δ]. All the idempotents add to 1, so we can write
the Jones-Wenzl idempotent p0 = 1−
∑[n/2]
i=1 pi .
〈Lm〉 =
[n/2]∑
i=0
tmki
Cn∑
j=1
vij〈pi, hj〉
=
Cn∑
j=1
v0j〈1, hj〉 −
[n/2]∑
i=1
(1− tmki)
Cn∑
j=1
vij〈pi, hj〉
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= q0(t)−
[n/2]∑
i=1
1− tmki
1 + t
qi(t)
where q0(t) =
Cn∑
j=1
v0j〈1, hj〉 and qi(t) = (1 + t)
Cn∑
j=1
vij〈pi, hj〉 for 1 ≤ i ≤ [n/2].
Since 〈pi, hj〉 = tr(pihj) ∈ 1δZ[δ] and 1/δ = −A−2/(1 + A−4) = −
√
t/(1 + t),
for all i, the qi(t) are Laurent polynomials with a possible
√
t factor.
We consider the above summands separately. Since ki = i(n − i+ 1) and n is
even, ki is even for all i. Observe that
1− t2ℓ
1 + t
=
(
1− (t2)ℓ
1− t2
)
(1− t) =
ℓ−1∑
j=0
t2j
 (1− t) = 2ℓ−1∑
j=0
(−1)jtj
If qi(t) has coefficient vector (a0, . . . , as), for sufficiently large m, each sum-
mand looks likemki−1∑
j=0
(−1)jtj
 qi(t) = q¯i(t) + qi(−1)
mki−1∑
j=s
(−1)jtj
+ tmki q˜i(t)
where q¯i(t) and q˜i(t) are polynomials of degree s − 1 that depend on qi(t).
Hence, for sufficiently large m, the coefficient vector for each summand is
(a¯0, . . . , a¯s−1, α,−α,α,−α, . . . , α, a˜0, . . . , a˜s−1)
where all the coefficients depend on qi(t) and the outer blocks are fixed.
Since ki = i(n − i + 1), for sufficiently large m, the fixed blocks of the i-th
summand do not interact with those of the (i− 1) summand. For example,
q0(t)− 1− t
mk1
1 + t
q1(t)− 1− t
mk2
1 + t
q2(t)
has the following coefficient vector, with constants r0, r1, r2 :
(a1, . . . , ar0 , α,−α, . . . , α,−α, b1, . . . , br1 , β,−β, . . . β,−β, c1, . . . , cr2)
By induction, we obtain the result for even n.
Corollary 3.2 Suppose we twist n strands of L such that the Jones poly-
nomial changes. If both N and n are fixed, then for m sufficiently large, the
coefficient vector of the colored Jones polynomial JN (Lm; t) has fixed blocks
separated by blocks of zeros which increase by constant lengths as m increases.
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Proof Using the same notation as in the proof of Theorem 2.4, by the cabling
formula (5) and the “belt trick,”
JN+1(Lm; t) =
[N/2]∑
j=0
(−1)j
(
N − j
j
)
(t
1
2 + t−
1
2 )V
L
(N−2j)
m
(t)
By Theorem 3.1, the coefficient vector of V
L
(N−2j)
m
(t) has fixed blocks separated
by alternating constants or zeros. The factor (t
1
2+t−
1
2 ) makes all the alternating
constants to be zeros in each summand. In each summand, the number of
strands of L
(N−2j)
m being twisted is n(N −2j). Following the proof of Theorem
3.1, for each j we expand V
L
(N−2j)
m
(t) using coefficients kji = i(n(N−2j)−i+1)
in (6). The result now follows from the sum over all j of the corresponding
equations (6).
We can obtain explicit formulas for 〈Lm〉 if we express the idempotents in terms
of the basis of TLn . Such formulas can be used to obtain the two-variable
polynomial which appears in the limit of Theorem 2.2, as in Example 2. We
now do this for n = 2, primarily to illustrate Theorem 3.1, although this useful
formula appears to be little known.
Proposition 3.3 For twists on 2 strands, if Lm is obtained by adding ∆
2m at
a crossing c of L, then by splicing c as in the Kauffman bracket skein relation,
〈Lm〉 = A2m
(
A〈 ≍ 〉+
( 2m∑
i=0
(−1)iA−4i)A−1〈≍〉)
Proof Adding ∆2m at a crossing c is the same as adding ∆2m+1 to the link L′
obtained by splicing L at c, such that 〈L′,1〉 = 〈 ≍ 〉. Similarly, 〈L′, e1〉 = 〈≍〉.
The basis of TL2 is 1 and e1 . There are two minimal central idempotents in
TL2 : the Jones-Wenzl idempotent p0 , and p1 = (1− p0). Now, p0 = 1− e1/δ ,
and p1 = e1/δ . Let ∆
2 be the full right twist in B2 . If ρ : B2 → TL2 ,
then from the skein relation, ρ(∆) = Ap0 − A−3p1 and hence ρ(∆2m+1) =
A2m+1(p0 −A−8m−4p1). Using the expression for p0 and p1 we get
ρ(∆2m+1) = A2m+1(1− e1
δ
−A−8m−4 e1
δ
)
= A2m+1
(
1+A−2
(1 +A−8m−4
1 +A−4
)
e1
)
= A2m
(
A1+
( 2m∑
i=0
(−1)iA−4i)A−1e1)
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Since 〈Lm〉 = 〈L′,∆2m+1〉, the result now follows.
Example 3 Consider the closure of the 6-braid, 12343212345432435, which
is an 11-crossing knot. We perform m full twists on the last 5 and 6 strands
in Tables 1 and 2, respectively, and we give the coefficient vector, span, and
Mahler measure of the resulting Jones polynomials. Note there are three min-
imial central idempotents in TL5 , and four in TL6 . The Mahler measure does
not appear to converge to that of the corresponding 2-component links: For
the 5-strand example, M(VL∪U (t)) ≈ 7.998, and for the 6-strand example,
M(VL∪U (t)) ≈ 12.393.
4 Pretzel Links
In this section, we provide further evidence for the relationship between hyper-
bolic volume and Mahler measure of the Jones polynomial. Let P(a1, . . . , an)
denote the the pretzel link as shown in Figure 2. If n is fixed, by Thurston’s hy-
perbolic Dehn surgery theorem, the volume converges if all ai →∞. Similarly,
by Corollary 2.3, the Mahler measure of the Jones polynomial of the pretzel
link P(a1, . . . , an) converges if all ai →∞.
The main result of this section is that the Mahler measure of the Jones polyno-
mial approaches infinity for ai = constant if n→∞, just as hyperbolic volume,
according to Lackenby’s lower bound in [13], since the “twist number” is n for
P(a1, . . . , an). In general, for an alternating hyperbolic link diagram, Lackenby
gave lower and upper volume bounds using the twist number T of the diagram.
Lackenby’s lower bound for volume implies that as T → ∞, Vol(KT ) → ∞.
Dasbach and Lin [5] showed that T is the sum of absolute values of the two
Jones coefficients next to the extreme coefficients.
Fix an integer k ≥ 1. Let Pn = P(a1, . . . , an) where a1 = . . . = an = 2k + 1,
so Pn is a knot if n is odd, and a link of two components if n is even.
Theorem 4.1 M(VPn(t))→∞ as n→∞.
Proof Let T denote the torus knot T (2, 2k+1). Let Tn denote the connected
sum of T with itself n times. Let X =
2k∑
i=0
(−1)iA−4i . Let Y = −A4 − 1 +X .
Then
〈T 〉 = A2k−1 Y and 〈Tn〉 = A(2k−1)n Y n
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Table 1: Jones coefficients for m twists on 5 strands
1 -3 8 -14 19 -23 23 -20 16 -9 4 -1
m = 0, span = 11, M(VLm(t)) = 4.198479
1 -1 2 -1 4 -9 18 -28 35 -41 40 -35 26 -15 7 -2
m = 1, span = 15, M(VLm(t)) = 5.785077
1 -1 2 -1 2 -1 1 0 0 2 -8 16 -23 20 -11 -5 22 -36 44 -43 33 -19 8 -2
m = 2, span = 23, M(VLm(t)) = 8.267849
1 -1 2 -1 2 -1 1 0 0 0 0 0 0 0 2 -8 16 -23 20 -12 0 7 -6 -1 14 -29 40 -42 33 -19 8 -2
m = 3, span = 31, M(VLm(t)) = 8.362212
1 -1 2 -1 2 -1 1 0 0 0 0 0 0 0 0 0 0 0 0 2 -8 16 -23 20 -12 0 7 -7 4 -1 1 -5 15 -29
40 -42 33 -19 8 -2
m = 4, span = 39, M(VLm(t)) = 9.132926
1 -1 2 -1 2 -1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 2 -8 16 -23 20 -12 0 7 -7 4 -1
0 0 0 1 -5 15 -29 40 -42 33 -19 8 -2
m = 5, span = 47, M(VLm(t)) = 8.568872
1 -1 2 -1 2 -1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 2 -8 16 -23 20 -12 0 7 -7 4 -1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 -5 15 -29 40 -42 33 -19 8 -2
m = 19, span = 159, M(VLm(t)) = 8.589137
1 -1 2 -1 2 -1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 2 -8 16 -23 20 -12 0 7 -7 4 -1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 -5 15 -29 40 -42 33 -19 8 -2
m = 20, span = 167, M(VLm(t)) = 8.630147
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Table 2: Jones coefficients for m twists on 6 strands
1 0 1 0 1 5 -14 23 -27 18 -4 -17 34 -46 49 -40 26 -11 2
m = 1, span = 18, M(VLm(t)) = 9.610867
1 0 1 0 1 0 1 -1 1 -1 1 4 -14 22 -25 22 -27 37 -47 43 -21 -16 58 -98 127 -133 113
-74 36 -12 2
m = 2, span = 30, M(VLm(t)) = 15.131904
1 0 1 0 1 0 1 -1 1 -1 1 -1 1 -1 1 -1 1 4 -14 22 -25 22 -27 36 -45 47 -45 45 -46 40
-20 -16 59 -105 150 -182 190 -167 123 -75 36 -12 2
m = 3, span = 42, M(VLm(t)) = 17.775295
1 0 1 0 1 0 1 -1 1 -1 1 -1 1 -1 1 -1 1 -1 1 -1 1 -1 1 -1 1 -1 1 -1 1 -1 1 -1 1 -1 1 -1
1 -1 1 -1 1 -1 1 -1 1 -1 1 -1 1 -1 1 -1 1 -1 1 -1 1 -1 1 -1 1 -1 1 -1 1 -1 1 -1 1 -1 1 -1
1 -1 1 -1 1 -1 1 -1 1 -1 1 -1 1 -1 1 -1 1 -1 1 -1 1 -1 1 -1 1 -1 1 -1 1 -1 1 -1 1 -1 1 -1
1 -1 1 -1 1 4 -14 22 -25 22 -27 36 -45 47 -45 44 -44 44 -44 44 -44 44 -44 44 -44
44 -44 44 -44 44 -44 44 -44 44 -44 44 -44 44 -44 44 -44 44 -44 44 -44 44 -44 44
-44 44 -44 44 -44 44 -44 44 -44 44 -44 44 -44 44 -44 44 -44 44 -44 44 -44 44 -44 44
-44 44 -44 44 -44 44 -44 45 -46 40 -20 -16 59 -105 151 -189 214 -223 224 -224
224 -224 224 -224 224 -224 224 -224 224 -224 224 -224 224 -224 224 -224 224
-224 224 -224 224 -224 224 -224 224 -224 223 -217 200 -168 123 -75 36 -12 2
m = 19, span = 234, M(VLm(t)) = 17.646099
1 0 1 0 1 0 1 -1 1 -1 1 -1 1 -1 1 -1 1 -1 1 -1 1 -1 1 -1 1 -1 1 -1 1 -1 1 -1 1 -1
1 -1 1 -1 1 -1 1 -1 1 -1 1 -1 1 -1 1 -1 1 -1 1 -1 1 -1 1 -1 1 -1 1 -1 1 -1 1 -1 1
-1 1 -1 1 -1 1 -1 1 -1 1 -1 1 -1 1 -1 1 -1 1 -1 1 -1 1 -1 1 -1 1 -1 1 -1 1 -1 1 -1
1 -1 1 -1 1 -1 1 -1 1 -1 1 -1 1 -1 1 -1 1 -1 1 4 -14 22 -25 22 -27 36 -45 47 -45
44 -44 44 -44 44 -44 44 -44 44 -44 44 -44 44 -44 44 -44 44 -44 44 -44 44 -44
44 -44 44 -44 44 -44 44 -44 44 -44 44 -44 44 -44 44 -44 44 -44 44 -44 44 -44
44 -44 44 -44 44 -44 44 -44 44 -44 44 -44 44 -44 44 -44 44 -44 44 -44 44 -44
44 -44 45 -46 40 -20 -16 59 -105 151 -189 214 -223 224 -224 224 -224 224 -224
224 -224 224 -224 224 -224 224 -224 224 -224 224 -224 224 -224 224 -224 224
-224 224 -224 224 -224 224 -224 223 -217 200 -168 123 -75 36 -12 2
m = 20, span = 246, M(VLm(t)) = 17.622089
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PSfrag replacements
a1 a2 an
Figure 2: The pretzel link P(a1, . . . , an)
Consider Pn as the pretzel link P(2k+1, . . . , 2k+1, 1) with ∆2k added to the
last crossing. Splicing this last crossing in two ways, we obtain Tn−1 and Pn−1 .
By Proposition 3.3,
〈Pn〉 = A2k
(
A〈Tn−1〉+XA−1〈Pn−1〉
)
.
For a recursive forumula for any pretzel link, see [14]. Since P2 = T (2, 4k +2),
〈P2〉 = A4k
(
Y −A(−8k−4)X
)
By the recursion above and formulas for 〈Tn〉 and 〈P2〉,
〈Pn〉 = A2nk−8k−n−2
(
A(8k+4) Y
(−A4 − 1)
(
Y n−1 −Xn−1) − Xn−1)
Substitute t = A−4 . We now have
X =
2k∑
i=0
(−1)iti = 1 + t
2k+1
1 + t
and Y = −A4 − 1 +X = t
2k+2 − t2 − t− 1
t(1 + t)
We substitute this in 〈Pn〉. Up to multiplication by ±1 and powers of t,
VPn(t)
.
=
(t2 + t+ 1)
(
t2k+2 + t
)n
+ t
(
t2k+2 − t2 − t− 1)n
(1 + t)n+1
Since the Mahler measure of the denominator is 1,
M (VPn(t)) =M
(
(t2 + t+ 1)
(
t2k+2 + t
)n
+ t
(
t2k+2 − t2 − t− 1)n) .
By Lemma 4.2 below, M(VPn(t))→∞ as n→∞.
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Lemma 4.2 For fixed integer k ≥ 1,
M((t2 + t+ 1)
(
t2k+2 + t
)n
+ t
(
t2k+2 − t2 − t− 1)n) ≥ ck ρn
for some constants ρ > 1 and ck .
Proof The idea of the proof is due to David Boyd. We define
a(t) = t2k+2 + t, b(t) = t2k+2 − t2 − t− 1, c(t) = t2 + t+ 1, d(t) = t
pn(t) = c(t) a(t)
n + d(t) b(t)n
Let I = [0, 1]. Let β ⊂ I be the union of intervals such that |b(e2πit)| ≤
|a(e2πit)|. To simplify notation, we omit the variable e2πit from the polynomials
below. If α = b/|a|,
log
∣∣|c| − |α|n∣∣ ≤ log |pn|
max{|a|, |b|}n ≤ log
(|c|+ |α|n)
On β, |α| ≤ 1 and |α| = 1 only at isolated points. Also, |c| ± |α|n = 0 only at
isolated points, so these bounds are in L1(β). By the Dominated Convergence
Theorem, ∫
β
log
|pn|
max{|a|, |b|}n →
∫
β
log |c| as n→∞
Similarly for I \ β , so there exists a constant C such that for n sufficiently
large, ∫
I
log
|pn|
max{|a|, |b|}n > C (7)
Therefore, ∫
I
log |pn| > n
∫
I
log(max{|a|, |b|}) + C
logM(pn) > n logM(max{|a|, |b|}) +C
M(pn) > e
C
(
M(max{|a|, |b|}))n
Since b(1) < 0 < b(2), b(t) has a root in the interval (1, 2), so M(b) > 1.
Therefore, M(max{|a|, |b|}) ≥ max{M(a),M(b)} > 1.
Remark 1 We make some observations for knots with ≤ 16 crossings using the
Knotscape census. Only 17 knots have Jones polynomials with M(VK(t)) = 1,
and they share only 7 distinct Jones polynomials. We list these in the table
below using Knotscape notation; for example, 11n19 is the 19th non-alternating
11-crossing knot in the census. Knots in the same row have the same Jones
polynomial:
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4a1 11n19
8a16 12n462 14n8212 16n509279
9n4 16n207543
12n562 12n821 13n1131 15n47216 16n23706
14a19115 16n992977
14n26442
16a359344
Three pairs of these knots also have the same Alexander polynomial. From the
Knotscape pictures, it is easy to see that 16n23706 and 15n47216 are obtained
from 11n19 by twisting in one and two places, respectively. An interesting open
question is how to construct more knots with M(VK(t)) = 1.
Two knots in the census with the next smallest M(VK(t)) are the following:
15n142389 M(VK(t)) = 1.227786 . . .
16a379769 M(VK(t)) = 1.272818 . . .
Six knots have the next smallest value, M(VK(t)) =M(x
3−x−1) = 1.324718 . . .
Smyth showed that this polynomial has the smallest possible Mahler measure
above 1 for non-reciprocal polynomials [23].
For example, the torus knot T (3, 5) is one such knot, and it has the un-
usual property that it is also a pretzel knot, P(−2, 3, 5) (see Theorem 2.3.2
[11]). Torus knots are not hyperbolic, but with one more full twist on two
strands, we obtain the twisted torus knot T (3, 5)2,1 , which is also the pretzel
knot P(−2, 3, 7), and this knot is the second simplest hyperbolic knot, with
3 tetrahedra. T (3, 5) is 10124 in Rolfsen’s table, the first non-alternating 10-
crossing knot. Up to 10 crossings, the next smallest M(VK(t)) = 1.360000
belongs to 10125 , which is hyperbolic with 6 tetrahedra. 10125 is the pretzel
knot P(2,−3, 5), but apart from their Mahler measure, the Jones polynomials
appear very different:
degree coefficient vector
P(−2, 3, 5) 4 10 1 0 1 0 0 0 -1
P(2,−3, 5) -4 4 -1 1 -1 2 -1 2 -1 1 -1
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